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13. Exercise sheet

Exercise 1:

Let k be a field and let X be a curve over k (in particular, X is integral). Prove that X is proper
over k if and only if its normalization X is proper over k.

Exercise 2:

Let k£ be a field and let X be a curve over k. Show that X contains a dense open subset U such
that U is normal.

Exercise 3:

Let X C AZ be defined by the equation y?> = f(x) where f(x) = 23 — 102% — 75z € Z[z]. For
every point y € Spec(Z) determine the normal points and the singular k(y)-rational points of
X X Spec(Z) Spec(k(y)) _

Hint: Factorize f. Moreover, base change to k(y).

Exercise 4:

Let k be an algebraically closed field of characteristic # 2 and let Y C A2 be defined by the
polynomial f(z,y) :=y? — 23 + x.

i) Show that every k-rational point of Y is smooth. Deduce that A := k[x,y]/f is a normal domain.
ii) Let R := k[z] C A. Show that R is a polynomial ring and that A is integral over R.

iii) Show that there exists an automorphism o: A — A which sends y to —y, but leaves x fixed.
iv) For a € A set N(a) := ao(a). Show N(a) € R and that N is multiplicative.

v) Show that A* = k* and that y, z are irreducible elements in A. Deduce that A is not factorial
and that Y is not isomorphic to Al.
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